We obtain a weak homotopy equivalence type result between two topological groups associated with a Kirchberg algebra: the unitary group of the continuous asymptotic centralizer and the loop group of the automorphism group of the stabilization. This result plays a crucial role in our subsequent work on the classification of poly-Z group actions on Kirchberg algebras. As a special case, we show that the K-groups of the continuous asymptotic centralizer are isomorphic to the KK-groups of the Kirchberg algebra.
Introduction
Purely infinite separable simple nuclear C * -algebras, now called Kirchberg algebras, form one of the most prominent classes of classifiable C * -algebras, and the celebrated KirchbergPhillips classification theorem says that their Morita equivalence classes are completely determined by KK-equivalence (see [21] , [23] ). Based on the classification theorem, Dadarlat [6] identified the homotopy groups of their automorphism groups with relevant KK-groups, which led to subsequent work of Dadarlat-Pennig [8] , [9] , [10] on novel and beautiful interplay between algebraic topology and the classification theory of C * -algebras. In this paper we further investigate topological features of the automorphism groups of Kirchberg algebras, motivated by our ongoing project of the classification of discrete amenable group actions on Kirchberg algebras [14] , [15] , [16] .
For two topological spaces X and Y , a continuous map f : X → Y is said to be a weak homotopy equivalence if it induces isomorphisms of the homotopy groups f * : π i (X, x) → π i (Y, f (x)) for any i and for any x ∈ X. The main purpose of this paper is to show a weak homotopy equivalence type result between the two topological groups associated with a unital Kirchberg algebra A: the unitary group U (A ♭ ) of the continuous asymptotic centralizer algebra For a unital C * -algebra B, we denote by U (B) the unitary group of B. When B is non-unital, we define U (B) to be the set of unitaries u in the unitization of B satisfying u−1 ∈ B. We denote by K the set of compact operators on a separable infinite dimensional Hilbert space. The automorphism group Aut(B ⊗ K) of B ⊗ K is a topological group equipped with the point norm topology, and it is a Polish group if B is separable. We set
Then B is embedded into B ∞ as the image of the constant sequences, and we denote B ∞ = B ∞ ∩ B ′ . For a continuous version, we use the following shorthand notation: We denote by q B the quotient map q B : C b B → B ♭ , though we often omit it if there is no possibility of confusion. We denote by SB the suspension of B, that is, SB = B ⊗C 0 (0, 1). A based space (X, x 0 ) is a topological space X with a fixed base point x 0 ∈ X. When X is a compact Hausdorff space, we denote C(X, x 0 ) = C 0 (X \ {x 0 }), which is the set of continuous functions on X vanishing at x 0 . We denote by I the closed unit interval [0, 1] , and the circle S 1 is often identified with I/∂I. The reduced suspension ΣX is defined by X × I/((X × ∂I) ∪ ({x 0 } × I)), whose base point is Σx 0 = (X × ∂I) ∪ ({x 0 } × I) ∈ ΣX. Then we can identify C(ΣX, Σx 0 ) with SC(X, x 0 ). A topological group is always regarded as a based space with a base point e, the neutral element.
For based spaces (X, x 0 ) and (Y, y 0 ), a based map f : X → Y is a continuous map satisfying f (x 0 ) = y 0 . We denote by Map(X, Y ) the set of based maps from X to Y , and by [X, Y ] the set of based homotopy classes of based maps from X to Y . To introduce topology in Map(X, Y ), we follow the standard procedure in algebraic topology (see [11, Chapter 6] for example). In this paper we treat only the case where X is a compact metrizable space and Y is a metrizable space, and the topology of Map(X, Y ) in this case is nothing but the usual compact open topology.
We denote by ΩX the based loop space of X, that is, ΩX = {f ∈ Map(I, X); f (0) = f (1) = x 0 }, whose base point is a constant loop. Let (X, x 0 ) be a pointed compact Hausdorff space, and let B be a unital C * -algebra. Then f ∈ Map(X, U (B)) is regarded as an element of U (C(X, B)) whose image under the evaluation map at x 0 is 1 B , the unit of B. Thus the map associating the K 1 -class of f in Lemma 2.1. Let B be a unital C * -algebra satisfying the following condition: for any separable C * -subalgebra D ⊂ B there exists a unital embedding of the Cuntz algebra O ∞ into B ∞ ∩ D ′ . Then for any based compact metric space (X, x 0 ), the natural map from [X, U (B)] to K 1 (C(X, x 0 ) ⊗ B) is an isomorphism.
In what follows, we assume that A is a unital Kirchberg algebra and (X, x 0 ) is a based compact metric space. Then we can apply the above lemma to B = A ♭ (see [15, Lemma 5.3] for example), and we identify [X, U (A ♭ )] with K 1 (C(X, x 0 ) ⊗ A ♭ ). In particular, we have π 0 (U (A ♭ )) = K 1 (A ♭ ), and for n > 0, In particular u determines the unique element q C(X,A) (ũ) ∈ C(X, A) ♭ ∩ A ′ .
Proof.
(1) Thanks to the Bartle-Graves selection theorem [1] , there exists a continuous liftingũ ∈ C(X, C b A) with q A (ũ(x)) = u(x) for all x ∈ X. We treatũ as a function with two variables (x, t) ∈ X × [0, 1).
For each x ∈ X, we have
and there exits t x ∈ [0, 1) satisfying
Since lim
for all y ∈ U x and all t x ≤ t < 1. Since X is compact, this implies that there exists 0 ≤ t 0 < 1 satisfying
for all t 0 ≤ t < 1 and all x ∈ X. By replacingũ(x, t) withũ(x, t)|ũ(x, t)| −1 for t 0 ≤ t < 1,
Thus by replacingũ(x, t) withũ(x, t)ũ(x 0 , t) * , we obtain the desired lifting of u.
(2) For a ∈ A we set f t (x) := aũ(x, t) −ũ(x, t)a . Since aũ −ũa ∈ C(X, C b A) and q A (aũ(x) −ũ(x)a) = 0, the family {f t } t∈[0,1) of continuous functions on X is equicontinuous, which converges to 0 pointwisely. Thus the convergence is uniform, and we get the statement.
(3) The statement follows from a similar argument as in the proof of (2).
Since the unitary group U (M (A⊗ K)) of the stable multiplier M (A⊗ K) is contractible in norm topology (see [26, Theorem 16 .8]), we can choose a norm continuous map U from
U (x 0 , t) = 1 for all t ∈ [0, 1), and U (x, 0) = 1 for all x ∈ X. For a ∈ A ⊗ K, we set
for x ∈ X, t ∈ [0, 1), and we set ρ u (x,1) (a) = a for x ∈ X. Thanks to Lemma 2.2,(2), we see that ρ u belongs to Map(ΣX, Aut(A ⊗ K)). We often identify the two spaces Map(ΣX, Aut(A ⊗ K)) and Map(X, Ω Aut(A ⊗ K)). 
Proof. Suppose that we make different choices and getũ ′ , U ′ and ρ u′ instead of u, U and ρ u respectively. Let V (x, t) = U ′ (x, t)U (x, t) * , which is a continuous map from X × [0, 1) to U (M (A ⊗ K)) equipped with the norm topology. Then we have V (x, 0) = 1 and
for 1/2 ≤ t < 1. Thanks to Lemma 2.2,(3), we may regard V as an element in
,
is contractible, the two elements ρ u and ρ u′ are homotopic in Map(ΣX, Aut(A ⊗ K)), and the map
does not depend on either the choice ofũ or that of U .
Repeating the same argument with [0, 1] × X instead of X, we see that the homotopy class [ρ u ] depends only on the homotopy class
Definition 2.4. Let A be a unital Kirchberg algebra, and let (X, x 0 ) be a pointed compact metrizable space. We denote by Π A,X the map
constructed as above. When X is the sphere S n for n = 0, 1, . . . , we denote Π A,n = Π A,S n , which is a map from π n (U (
Remark 2.5. We can immediately see from the construction that Π A,X is a group homomorphism, and it is natural in X. Now we state the main theorem of this paper.
Theorem 2.6. Let A be a unital Kirchberg algebra. Then Π A,n is an isomorphism from
for any non-negative integer n.
Remark 2.7. Dadarlat [6, Corollary 5.11] showed that π n+1 (Aut(A ⊗ K)) is isomrophic to KK(A, S n+1 A). Since we need his map,
we recall its definition here. For a C * -algebra B and a compact Hausdorff space Y , we denote by j B,Y the homomorphism from
, which depends only on the homotopy class of α.
Since α x 0 = id A⊗K , the diffrence KK(α) − KK(j A⊗K,X ) falls in KK(A, C(X, x 0 ) ⊗ A), and this is the definition of χ([α]). Dadarlat [6, Thorem 5.9] ) showed that χ is a bijection whenever the pair (A, X) is KK-continuous. He also showed that if X is an H ′ -space (also called co-H-space), it is a group homomorphisms (see [6, Theorem 4.6] ). Since ΣX is an H ′ -space, the map
is a group homomorphism.
Our main theorem together with Dadarlat's result includes the following statement as a special case, though we will directly prove it later as we need it for the proof of our main result.
Corollary 2.8. Let A be a unital Kirchberg algebra. Then K * (A ♭ ) is isomorphic to KK(A, S * A) for * = 0, 1.
Since Π A,X is natural in X, Theorem 2.6 and the Bott periodicity (see Lemma 3.3) imply the following statement via the Puppe exact sequence for cofibrations.
Corollary 2.9. Let A be a unital Kirchberg algebra, and let (X, x 0 ) be a pointed finite CW-complex with x 0 a 0-cell. Then the map
Proof. Note that the inclusion map from any subcomplex into X is a cofibration [11, Theorem 6.22, 6.23] . Since Π A,X is natural in X, the statement for Σ n X with n ≥ 1, instead of X, follows from an induction argument with respect to the number of cells using Theorem 2.6, Lemma 3.3 and the Puppe exact sequence for cofibrations [11, Theorem 6.42] . Now the statement for X follows from Lemma 3.3.
Before starting the proof of Theorem 2.6, we observe that the map Π A,X depends only on the Morita equivalence class of A as far as A is unital. Let p ∈ A be a non-zero projection. Then [4, Theorem 4.23] implies that there exists an isometry V ∈ M (A ⊗ K) whose range projection is p ⊗ 1. Thus we get an explicit isomorphism A ⊗ K ∋ x → V xV * ∈ pAp ⊗ K, and a group isomorphim Θ : Aut(pAp ⊗ K) → Aut(A ⊗ K) given by Θ(α)(a) = V * α(V aV * )V , which induces an isomorphism
Lemma 2.10. Let the notation be as above.
(1) The map θ :
(1) It is clear that θ is a homomorphism. We choose an isometry v ∈ A with vv * ≤ p. Let b ∈ (pAp) ♭ . Then for any a ∈ A, we get
and v * bv ∈ A ♭ . Thus the inverse of θ is given by pA ♭ p ∋ b → v * bv ∈ A ♭ , and θ is an isomorphism.
(2) For u ∈ Map(X, U (A ♭ )), letũ, U and ρ u be as in the proof of Lemma 2.2. (1) implies pu ∈ Map(X, U ((pAp) ♭ )). We choose a liftingũ ′ ∈ Map(X, (pAp) ♭ ) of pu, and a continuous map
as before using U ′ . To prove the statement it suffices to show
For a ∈ A ⊗ K and (x, t) ∈ X × [0, 1), we have
where
is a norm continuous map satisfying W (x 0 , t) = 1 and W (x, 0) = 1. We claim that W exntends to a continuous map W :
, and the proof of Lemma 2.2 implies
Thus we get lim
and to verify the claim it suffices to show
we get the claim. Thanks to the claim, we get Θ(ρ pu x,t ) = Ad W (x, t) • ρ u x,t for any (x, t) ∈ X × I, and we may regard W as an element of Map(ΣX, U (M (A ⊗ K))), where U (M (A ⊗ K)) is equipped with the strict topology. Since U (M (A ⊗ K)) is contractible in the strict topology and the map Ad : U (M (A ⊗ K)) → Aut(A ⊗ K) is continuous, we get the statement.
Proof of Theorem 2.6
Throughout this section, we assume that A is a unital Kirchberg algebra and (X, x 0 ) is a pointed compact metrizable space. Recall that A is said to be in the Cuntz standard form if the K 0 -class of 1 A is 0 in K 0 (A). Thanks to Lemma 2.10, we may and do assume that A is in the Cuntz standard form in order to prove Theorem 2.6. We suppress A (and sometimes even X) in Π A,X and j A,X to avoid heavy notation.
For u ∈ Map(X, U (A ♭ )), we chooseũ and U as in the proof of Lemma 2.2. We often identify u andũ if there is no possibility of confusion.
Since we need an alternative description of the map χ•Π X discussed in Remark 2.7, we work on asymptotic morphisms arising from u ∈ Map(X, U (A ♭ )). The reader is referred to [2, Section 24] for the basics of asymptotic morphisms. For the parameter space of asymptotic morphisms, we adopt [0, 1) rather than the usual space [1, ∞) . Recall that two asymptotic morphisms φ and ψ from B to D are asymptotically unitarily equivalent if there exists a continuous family
Let T = {z ∈ C; |z| = 1}. We denote by φ u = (φ u t ) the ucp asymptotic morphism from C(T, A) to C(X, A) corresponding to the homomorphism
Since f (u(x 0 ))a = f (1)a, the restriction of φ u to SA may be regarded as an asymptotic morphism from SA to C(X, x 0 ) ⊗ A. We denote by KK(φ u | SA ) the KK-class of φ u restricted to SA, which is in KK(SA, C(X, x 0 ) ⊗ A).
We denote by b KK the isomorphism from KK(SA, B) to KK(A, SB) given by the composition of two maps
where the first one is given by suspension and the second one is given by the Bott periodicity. We explicitly construct an asymptotic morphism giving the class
For s ∈ [0, 1] and z ∈ T, we set
Then the Bott projection P (s, z) is given by
where e = 1 0 0 0 .
For a ∈ A, t ∈ [0, 1) and (x, s) ∈ X × I, we set
Then ψ u = (ψ u t ) is an asymptotic morphism from A to M 2 (C(ΣX) ⊗ A), and we denote by KK(ψ u ) ∈ KK(A, C(ΣX) ⊗ A) the KK-class determined by ψ u . Since
Theorem 3.1. Let A be a unital Kirchberg algebra, and let (X, x 0 ) be a pointed compact metrizable space. Then we have
Proof. It is routine work to show
, and we concentrate on the proof of KK(
Recall that A is in the Cuntz standard form and it has a unital copy of the Cuntz algebra O 2 . Sinceũ(x, t) almost commutes with the unital copy of O 2 for t sufficiently close to 1, the
is trivial, and we may and do assume thatũ(x, 0) = 1. Thus we can define ρ u,0 ∈ Map(ΣX, Aut(A)) by
For the definition of ρ u ∈ Map(ΣX, Aut(A ⊗ K)), we can choose U (x, t) of the form u(x, t) ⊗ 1. With this choice, we have
Thus our task is to show KK(
For a ∈ A, we have
Thus the KK-class of ψ is the same as that of the asymptotic morphism
We construct a homotopy between µ u and ρ u,0 now. For a ∈ A, r ∈ [0, 1], x ∈ X, s ∈ [0, 1), and t ∈ [0, 1), we set
Then for fixed (r, x, s, t) ∈ I × X × [0, 1) 2 the map A ∋ a → Ψ t (a)(r, x, s) is a ucp map, and for a fixed a ∈ A the map
We have
Let 0 < ǫ ≤ 1 be given. Since
there exits y 0 ≥ 0 so that [v(x, y), a] ≤ ǫ holds for every y ≥ y 0 . We choose 0 ≤ s 0 < 1 satisfying y 0 ≤ ǫf (s 0 ). Since v(x, y) is uniformly continuous on X × [0, y 0 + 2], there exists 0 < δ < 1 such that v(x, y 1 ) − v(x, y 2 ) < ǫ holds for any x ∈ X and y 1 , y 2 ∈ [0, y 0 + 2]
The first estimate is straightforward, and the second estimate is given as follows. Let
2 ) * − 1 < ǫ, and we get the second estimate. For ǫ ≤ r ≤ 1, since we have y 0 < rf (s), we get
Thus we get Ψ t (a)(r, x, s) − a ≤ ǫ max{3, 6 a , 4 a + 2}, and the claim is shown. Thus we may and do regard Ψ t as a ucp map from
. For a ∈ A and ǫ > 0, we choose y 0 as before. Since v(x, y) is uniformly continuous on
Since f is continuous, we choose 0 < δ 3 satisfying |f (t) − f (t 1 )| < δ 2 for any t ∈ [0, 1) with |t − t 1 | < δ 3 . Then for any (r, x, s) ∈ I × X × [0, 1) and t 2 ∈ [0, 1) with |t 2 − t 1 | < δ 3 , we have
Thus we get
and so the map t → Ψ t (a) is continuous. Finally we show that Ψ t is asymptotically multiplicative. Let a 1 , a 2 ∈ A, and let ǫ > 0 be given. We choose z 0 ≥ 0 such that [v(x, y), a i ] < ǫ holds for any x ∈ X, y ≥ z 0 , and i = 1, 2. We choose t 0 ∈ (0, 1) satisfying z 0 < ǫf (t 0 ). Let t 0 < t < 1. Then we have
.
, and b i ≤ ǫ for i = 1, 2, and so
This implies
and hence Ψ t is asymptotically multiplicative. Now we know that Ψ t is an asymptotic morphism from
x,s (a), we get the desired homotopy. 
that is natural in X. Now the Dadarlat map χ is generalized to
which is a group homomorphism. On the other hand, we can construct an asymptotic
in the same way, and we get
thanks to Lemma 2.1, the Bott periodicity gives rise to an isomorphism
On the other hand, we denote by β ′ the isomorphism
given by the the Bott periodicity in the KK-side.
Lemma 3.3. Let A be a unital Kirchberg algebra, and let (X, x 0 ) be a pointed compact metrizable space. Then the following diagram is commutative.
Proof. We identify Σ 2 X with (X × I 2 )/(({x 0 }× I 2 )∪ (X × ∂I 2 )), and in particular S 2 with I 2 /∂I 2 . We denote by {e (k) ij } the canonical system of matrix units of the matrix algebra M k (C). We set e B (s 1 , s 2 ) = P (s 1 , e 2π √ −1s 2 ) for (s 1 , s 2 ) ∈ I 2 , which is the Bott projection. We choose two isometries S 1 , S 2 ∈ A ♭ with mutually orthogonal ranges. We denote by Φ the homomorphism from M 2 (C) to A ♭ sending e (2)
Then u 1 (x 0 , s 1 , s 2 ) = u 2 (x 0 , s 1 , s 2 ) = 1, and for (s 1 , s 2 ) ∈ ∂I 2 we have
Thus the map u ′ := u 1 u * 2 belongs to Map(Σ 2 X, U (A ♭ )), and we have β(
Through the split exact sequence
we can apply the argument in Remark 3.2 with Y = S 2 . As there exists an obvious homomorphism
and the diagram
is commutative, we get
Recall that the two asymptotic morphisms ψ u 1 ,S 2 and ψ u 1 ,S 2 arise from the homomorphisms from A to M 2 (C(ΣX × S 2 ) ⊗ A ♭ ) given by the left multiplication of projections P (r, u 1 (x, s 1 , s 2 )) and P (r, u 2 (x, s 1 , s 2 )) respectively. Direct computation yields
Note that the two projections e 
are asymptotically unitarily equivalent to the ones corresponding to the homomorphisms from A to M 3 (C)⊗M 2 (C(ΣX ×S 2 )⊗A ♭ ) given by the left multiplication of the projections
ij . Then
11 ⊗ P (r, u(x)) + e
22 ⊗ e
11 ⊗ 1 + V (e
11 ⊗ e
11 ⊗ (1 − q))V * .
Now we can see
which finishes the proof.
Thanks to Lemma 3.3, it suffices to show the statement of Theorem 2.6 for n = 0 and n = 1 in order to prove the general statement. Recall that Dadarlat showed that χ :
Proof. Since S 0 = {1, −1} with base point 1, a map f ∈ Map(S 0 , Y ) is identified with f (−1) ∈ Y , and we identify Map(S 0 , Y ) with Y . Recall that we may and do assume that A is in the Cuntz standard form.
The surjectivity of Π 0 was essentially proved in [14, Proposition 8.4] . Namely, for any x ∈ KK(A, SA), there exists a Z 2 -action α on A such that KK(α g ) = KK(id) for any g ∈ Z 2 , and x is realized as an invariant Φ(α) = x defined in [14, p.393] . We first recall the definition of Φ(α). Since α (1,0) ⊗ id K is homotopic to id in Aut(A ⊗ K), we choose a continuous path {γ t } t∈[0,1] from id to α (1,0) ⊗ id K . Then
is a loop in Aut(A ⊗ K) satisfying σ 0 = id, and Φ(α) in [14] is defined by χ([σ]), which does not depend on the choice of γ.
Since KK(α (1,0) ) = KK(id), there exists a continuous family of unitaries {v(t)} t∈[0,1) in A satisfying lim t→1 Ad v(t) = α (1,0) . As before we can choose a norm continuous family of unitaries {V (t)} t∈[0,1) in M (A ⊗ K) satisfying V (t) = v(t) ⊗ 1 for 1/2 ≤ t < 1 and V (0) = 1. Now we can adopt Ad V (t) for γ t , and with this choice
for t ∈ [0, 1). Note that for 1/2 < t < 1, we have
Thus setting u(t) = v(t) * α (0,1) (v(t)) for 1/2 ≤ t < 1, and u(t) = u(1/2) for 0
We prove the injectivity of Π 0 now. Assume that u ∈ U (A ♭ ) and [u] is in the kernel of Π 0 . As in the proof of Theorem 3.1, we may and do assume u(0) = 1. Since
we get KK(ψ u ) = KK(j). By the Kirchberg-Phillips classification theorem [21] , the asymptotic morphism (ψ u t ) and j ⊕ 0 are asymptotically unitarily equivalent, and there exists a unitary path
for any a ∈ A. In particular, we have the following by setting a = 1:
Then D is asymptotically diagonal, that is, there exist
Since V t (1) = V t (0) and
and lim
we may replace u(t)au(t) * with a in the above formula, and we get
for all a ∈ A. Thus Theorem 5.5, which is a refinement of Nakamura's homotopy theorem, implies that u is homotopic to 1 in U (A ♭ ).
Instead of proving the statement of Theorem 2.6 for n = 1, we directly construct an isomorphism from K 0 (A ♭ ) to KK(A, A) by using asymptotic morphisms.
Lemma 3.5. Let A be a unital Kirchberg algebra. For a non-zero projection p ∈ A ♭ , we denote by φ p = (φ p t ) t∈[0,1) the asymptotic morphism from A to itself arising from the homomorphism A ∋ a → pa ∈ A ♭ . Let KK(φ p ) be the KK-class for φ p . Then the map
is a group isomorphism.
Proof. We may assume that A is in the Cuntz standard form as before. Let p be a nonzero projection in A ♭ . Since p commutes with a unital copy of O 2 in A ♭ , the K 0 -class of p in A ♭ is trivial. Since 1 and p are properly infinite projections in the same class in K 0 (A ♭ ), there exists an isometry v ∈ A ♭ whose range projection is p. We may assume that v(t) is an isometry for every t ∈ [0, ∞). We set ψ v t (a) = v(t) * av(t) for a ∈ A. Then
is a ucp asymptotic morphism from A to A. Since φ p ⊕ 0 and ψ v ⊕ 0 are asymptotically unitarily equivalent as asymptotic morphisms from A to M 2 (A), they give the same KK-class.
Assume that KK(φ p ) = KK(φ q ) for non-zero projections p, q ∈ A ♭ . Let v, w be isometries in A ♭ satisfying vv * = p, ww * = q. Then there exists a unitary u ∈ C b A satisfying lim t→1 u(t)ψ v t (a)u(t) * − ψ w t (a) = 0, ∀a ∈ A. This means that wuv * ∈ A ♭ , and
Assume x ∈ KK(A, A) now. Since A is in the Cuntz standard form, there exist unital endomorphisms ρ 1 , ρ 2 of A satisfying
Taking isometries S 1 , S 2 ∈ A satisfying the O 2 relation, we set
Since KK(σ) = KK(id), there exists a unitary z ∈ C b A satisfying lim t→1 σ(a) − z(t)az(t) * = 0, ∀a ∈ A, and so lim
This implies that p = z * S 1 S * 1 z is a projection in A ♭ , and KK(φ p ) = x.
Proof of Theorem 2.6. Since χ : π n (Ω Aut(A ⊗ K)) → KK(A, S n+1 A) is an isomorphism for n ≥ 0 thanks to [6, Theorem 5.9] , it suffices to show that µ n := χ • Π A,n is an isomorphism from π n (U (A ♭ )) onto KK(A, S n+1 A) for n ≥ 0. We already know from Lemma 3.4 that it is the case for n = 0. We denote by µ −1 the isomorphism from K 0 (A ♭ ) onto KK(A, A) given in Lemma 3.5. Let
be the isomorphisms given by the Bott periodicity. Setting
) also makes sense, which associates K 1 (u p ) to K 0 (p), where p ∈ A ♭ is a projection and u p (x) = e 2πix p + 1 − p. To prove the statement by induction, it suffices to show that the diagram
is commutative for any n ≥ −1. Thanks to Lemma 3.3, it is indeed the case for n ≥ 0, and n = −1 is the only remaining case. Let p ∈ A ♭ be a projection. Then µ −1 (K 0 (p)) = KK(φ p ) and
and the above diagram is commutative for n = −1.
Problem 3.6. Let G be a discrete group and let α be a G-action on A. Then α induces a G-action on A ♭ , and we denote by (A ♭ ) G the G-fixed point subalgebra of A ♭ . When a projection p (resp. unitary u) is in (A ♭ ) G , the asymptotic morphism φ p (resp. ψ u ) is G-equivariant, and it gives rise to a class in KK G (A, A) (resp. KK G (A, SA)). With this correspondence, do we have
under a reasonable assumption of G and α ?
4 The K-groups of the central sequence algebras
In Lemma 3.4 and Lemma 3.5, we computed the K-groups of the continuous asymptotic centralizer algebra A ♭ . Following the same idea, we present its discrete analogue in this section. Our original motivation of this research was to correct the statements in [18, Theorem 2.1, Proposition 3.1], and we would like to thank Akitaka Kisimoto for having informed us of them. Let A be a C * -algebra, and let ω ∈ βN \ N be a free ultra-filter. We set Indeed, for a discrete abelian group G, the ultra-product G ω is defined by
It is known that G ω is always algebraically compact (see [ 
for finite n, and
For the proof of Theorem 4.1, we need to go through Rørdam's H(A, B) introduced in [22, p.431 ]. Here we give a modified definition of it adapted to our case. From now on we assume that A and ω are as in Theorem 4.1 (we do not assume that A is in the UCT class N for the moment), and X is a compact metrizable space. As before, it suffices to prove Theorem 4.1 when A is in the Cuntz standard form, and we keep this assumption throughout this section. Let Hom(A, C(X)⊗A ω ) be the set of unital homomorphisms from A to C(X) ⊗ A ω , and let H(A, C(X) ⊗ A ω ) be the quotient space of Hom(A, C(X) ⊗ A ω ) by approximate unitary equivalence. For ρ ∈ Hom(A, C(X) ⊗ A ω ), we denote by [ρ] its equivalence class in H(A, C(X) ⊗ A ω ). The direct sum of ρ, σ ∈ Hom(A, C(X) ⊗ A ω ) is defined (up to equivalence) by choosing a unital copy of the Cuntz algebra O 2 with the standard generators {S 1 , S 2 }, and setting
We denote by κ X : H(A, C(X) ⊗ A ω ) → KL(A, C(X) ⊗ A ω ) the map associating KL(ρ) to [ρ] . Then κ X is a semigroup homomorphism. Since A ω is in the Cuntz standard form, Kirchberg's embedding theorem [23, Theorem 6.3.11] implies that there exists an element in Hom(A, C(X) ⊗ A ω ) factoring through O 2 , which gives 0 ∈ H(A, C(X) ⊗ A ω ).
Huaxin Lin's result [19, Theorem 3.14] shows the following lemma.
The semigroup H(A, A ω ) is nothing but Kirchberg's EK ω (A, A), which is actually a group thanks to Kirchberg's dilation lemma [17, Corollary 4] . We present an easy generalization of it here.
Lemma 4.5. Let ρ, σ ∈ Hom(A, C(X) ⊗ A ω ). Then for any ǫ > 0 and a finite subset F ⊂ A, there exists v ∈ C(X) ⊗ A ω satisfying ρ(a) − v * σ(a)v < ǫ for any a ∈ F . If moreover X = {pt}, there exists an isometry s ∈ A ω satisfying ρ(a) = s * σ(a)s for any a ∈ A.
Proof. Let B = σ(A) ⊂ C(X) ⊗ A ω , and let µ = ρ • σ −1 . Then µ is a nuclear unital homomorphism from B to C(X) ⊗ A ω , and C(X) ⊗ A ω is properly infinite. As in [23, Proposition 6.3 .3], we can find v ∈ A ω satisfying v * bv − µ(b) < ǫ for any b ∈ σ(F ), and the first statement holds. The second statement follows from the usual diagonal sequence argument.
When X has a base point x 0 , we set
Let ι A : A → A ω be the inclusion map, and let ι A,X : A → C(X)⊗A ω be a homomorphism given by ι A,
induced by the evaluation map at x 0 .
Remark 4.6. It is easy to show the following statement: two homomorphisms ρ, σ ∈ Hom(A, C(X, A ω )) * are approximately unitarily equivalent in Hom(A, C(X, A ω )) if and only if there exists a sequence of unitaries {u n } ∞ n=1 in C(X, A ω ) such that u n (x 0 ) = 1 for all n ∈ N and lim
Since κ X is injective, homotopic homomorphisms in Hom(A, C(X) ⊗ A ω ) give the same class in H(A, C(X) ⊗ A ω ). Using this fact, we can introduce a group structure into H(A, C(ΣX)⊗A ω ) * as in [2, p.269 ], though it is not a subsemigroup of H(A, C(ΣX)⊗A ω ) with its original addition coming from a direct sum.
is well-defined, and we get a group (H(A, C(ΣX) ⊗ A ω ) * , ⊎) with unit [ι A,ΣX ].
Lemma 4.7. The map
Let p ∈ A ω be a non-zero projection. Since A ω ∩ {p} ′ has a unital copy of the Cuntz algebra
A ω is purely infinite simple, there exists an isometry v ∈ A ω whose range projection is p. Then ψ v (a) = v * av is an element of Hom(A, A ω ). As in the proof of Lemma 3.5, we can show that the map ν 0 :
Proof. Lemma 4.5 shows that ν 0 is surjective, and it suffices to show that ν 0 is a group homomorphism. Let p 1 , p 2 ∈ A ω be non-zero projections, and let v 1 , v 2 ∈ A ω be isometries
We choose a unital copy of the Cuntz algebra O 2 in A with the canonical generators {S 1 , S 2 }, and set
By construction, we have
. We choose two isometries T 1 , T 2 ∈ A ω with mutually orthogonal ranges, and set
Then w is an isometry satisfying w * aw = ρ(a) for any a ∈ A, and
Let u ∈ U (A ω ). Since A ω ∩ {u} ′ contains a unital copy of the Cuntz algebra O 2 , the K 1 -class of u in K 1 (A ω ) is trivial. Thus we can choose a continuous path u(t) in U (A ω ) with u(0) = 1 and u(1) = u. Then ρ u (a)(t) = u(t)au(t) * gives an element in Hom(A, C(S 1 , A ω )) * . If {u ′ (t)} t∈[0,1] is another continuous path from 1 to u in U (A ω ), we have u ′ (t)au ′ (t) * = Ad w(t) • ρ u (a) with w(t) = u ′ (t)u(t) * . Since w ∈ Map(S 1 , U (A ω )), the class [ρ u ] ∈ H(A, C(S 1 , A ω )) * does not depend on the choice of the path {u(t)} t∈ [0, 1] .
Assume v ∈ U (A ω ) with K 1 (u) = K 1 (v). Since A ω is purely infinite simple, there exist self-adjoint a, b ∈ A ω with 0 ≤ a, b < 2π satisfying v = ue ia e ib . We can choose a path v(t) = u(t)e ita e itb connecting 1 and v in U (A ω ), and with this choice, we get ρ v = ρ u . Thus ν 1 (K 1 (u)) = [ρ u ] gives a well-defined map
Proof. We first show that ν 1 is a group homomorphism. Let u, v ∈ U (A ω ). We choose continuous paths {u(t)} t∈[0,1] and {v(t) 
This with Nakamura's Theorem [20, Theorem 7] shows that for any positive number ǫ and any finite subset F ⊂ A, there exists a continuous path {w(t)} t∈ [0, 1] in U (A ω ) such that w(0) = 1, w(1) = u, [w(t), x] < ε for any t ∈ [0, 1], x ∈ F , and Lip(w) < 6π. Hence, a diagonal sequence argument shows u is connected to 1 in U (A ω ), and
So far we have proved the first statement of Theorem 4.1. To prove the second one, it suffices to show that κ X and ν 1 are surjective under the assumption that A is in the UCT class N .
We denote by K(A) the entire K-group of A, and by Hom Λ (K(A), K(B)) the set of graded homomorphisms from K(A) to K(B) preserving the action of the category Λ (see [7] for the definition).
Lemma 4.10. With the notation above, we assume that A is in the UCT class N . Let
Then there exist a unital simple separable C * -subalgebra B of A ω and a homomorphism
Proof. Since K(A) is a countable group and X is a compact metrizable space, there exists a unital separable C * -subalgebra B 0 of A ω and a homomorphism
To prove the statement, it suffices to show that there exists a separable simple C * -subalgebra B of A ω containing B 0 and satisfying B ∼ = B ⊗ O ∞ . Since A ω is unital simple purely infinite, we can inductively construct an increasing sequence of separable C * -subalgebras {B n } ∞ n=0 of A ω such that for any non-zero positive element a ∈ B n , there exists b ∈ B n+1 satisfying b * ab = 1 A ω . Then the closure B ∞ of ∪ n B n is simple. Since B ∞ is separable, we can find a unital embedding θ : O ∞ → A ω ∩B ′ ∞ , and the C * -algebra B generated by B ∞ and θ(O ∞ ) is isomorphic to B ∞ ⊗ O ∞ , and hence B ∼ = B ⊗ O ∞ .
Lemma 4.11. Let the notation be as above. If A is in the UCT class N , the map
Proof. It suffices to show that κ X is surjective. Recall that Dadarlat-Loring's UMCT [7] implies
Let x ∈ KL(A, C(X) ⊗ A ω )) be given, and let h ∈ Hom Λ (K(A), K(C(X) ⊗ A ω )) be the corresponding homomorphism. Then thanks to Lemma 4.10, there exist a unital simple separable C * -subalgebra B of A ω and k ∈ Hom Λ (K(A), K(C(X) ⊗ B)) satisfying B ∼ = B ⊗ O ∞ , and h = K(ι) • k, where ι : C(X) ⊗ B → C(X) ⊗ A ω is the inclusion map. Thanks to the UMCT exact sequence, we can choosek ∈ KK(A, C(X) ⊗ B) giving rise to k. Thus the Kirchberg-Phillips classification theorem implies that there exists ρ ∈ Hom(A, C(X) ⊗ B) satisfyingk = KK(ρ), and so K(ι • ρ) = h. This implies KL(ι • ρ) = x, and κ X is surjective.
Lemma 4.12. Assume that A is in the UCT class N . Let ρ, σ ∈ Hom(A, C(S 1 , A ω )) * , and let γ :
Proof. It suffices to show that K(γ) is an isomorphism because [ρ] = [σ] is equivalent to K(ρ) = K(σ). First we claim K * (γ) is an isomorphism for * = 0, 1. Indeed, this follows from
Now, the statement follows from the Künneth theorem.
Lemma 4.13. Under the assumption that A is in the UCT class N , the map ν 1 :
Proof. It suffices to show that ν 1 is surjective. Let σ ∈ Hom(A, C(S 1 ) ⊗ A ω ) * . We first claim that there exists a unitary w ∈ U (C( . Thus [19, Theorem 3.14] implies that σ and ι A,X are approximately unitarily equivalent. By the usual diagonal sequence argument, we get w. Let (w n ) be a representing sequence of w. By replacing w n (t) with w n (t)w n (0) −1 if necessary, we may and do assume w n (0) = 1. Let u n = w n (1). Then u = (u n ) belongs to U (A ω ). We take a continuous path {u(t)} t∈[0,1] of unitaries in A ω such that u(0) = 1 and u(1) = u, and let ρ(x)(t) = u(t)xu(t) * for x ∈ A. We show 
Appendix
In this appendix, we establish a refinement of Nakamura's homotopy theorem (Theorem 5.5), which is used in Lemma 3.4. We formulate the statement involving group actions as we need it in our companion papers [15] , [16] .
We first recall Haagerup-Rørdam's construction [13, Lemma 5 .1] of a continuous path of unitaries. Consider the Cuntz algebra O 2 = C * (S 1 , S 2 ) and let
Then {R 1 , R 2 , R 3 } and {T 1 , T 2 , T 3 } satisfy the O 3 -relation. Let ρ and τ be the unital homomorphisms from M 3 (C) to O 2 given by
where (e ij ) ij is the canonical system of matrix units in M 3 (C). We have ρ(e 11 ) = τ (e 22 + e 33 ), τ (e 11 ) = ρ(e 22 + e 33 ).
and let h ∈ M 3 (C) be the self-adjoint matrix such that e 2π √ −1h = w and h = 1/3. Let A be a (unital or non-unital) C * -algebra and let u ∈ U (A). We construct a continuous map (u) :
and setũ
We define (u)(t) = (id ⊗ρ)(ũ(t))(id ⊗τ )(ũ(t)) ∈ U (A ⊗ O 2 ). (1) (u)(0) = 1, (u)(1) = u ⊗ 1 and Lip( (u)) ≤ 8π/3.
Proof. Proof. We can define a unitary u ∈ U (A) by
By U (A) = U (A) 0 , there exists a continuous path u : [0, 1] → U (A) such that u(0) = 1 and u(1) = u. Now ρ t : O 2 → A defined by
gives a desired homotopy.
holds for any a ∈ A and s ∈ [0, 1].
Proof. Let f (t) = exp(s log(1+t)). We have (1+t)f ′ (t) = sf (t), and so (1+t)f (n+1) (t) + nf (n) (t) = sf (n) (t). Therefore, we get f (0) = 1, f ′ (0) = s and
By using Lemma 5.1, Lemma 5.2 and Lemma 5.3, we prove the following proposition.
Proposition 5.4. Let A be a unital C * -algebra and let B ⊂ A be a subalgebra. Let
be a continuous map. Then there exists a continuous map mn } so that
where k n = m n+1 /m n . The class of e (n)
j+1 is trivial in K 0 (O ∞ ), and so there exists a unital homomorphism
for j = 1, 2, . . . , m n −1. Let
Therefore, by Lemma 5.2, there exists a continuous family (ρ
We construct a continuous map
as follows. Let J 0,n = {2, 4, . . . , m n −1} and
j,t ) (x(0, t) ⊗ 1) (x(0, t) * x(j/m n , t))(3s) .
For (s, t) ∈ [2/3, 1] × [n, n+1], we set v n (s, t) = j∈J 1,n (id ⊗ρ (n) j,t ) (x(1, t) ⊗ 1) (x(1, t) * x(j/m n , t))(3−3s) + x(1, t) ⊗ e [x(r, t), a] ∀a ∈ A.
By Lemma 5.1 (1), we also have Lip(v n (·, t)) ≤ 8π, v n (0, t) = x(0, t), v n (1/3, t) = x(0, t) ⊗ e ) (x(0, n+1) ⊗ 1) (x(0, n+1) * x(i/m n+1 , n+1))(3s) .
For each i ∈ J 0,n+1 , we define j i ∈ N ∪ {0} as follows. For i = 2, 4, . . . , k n −1, let j i = 0. In this case i/m n+1 < k n /m n+1 = 1/m n . When k n < i < m n+1 , let j i ∈ J 0,n be the number satisfying (j i −1)k n +1 ≤ i ≤ (j i +1)k n −1. Then one has ) (x(0, n+1) ⊗ 1) (x(0, n+1) * x(f i (t), n+1))(3s) .
Then w n (s, n) = v n (s, n+1), w n (s, n+1) = v n+1 (s, n+1), Lip(w n (·, t)) ≤ 8π and Furthermore, one has y(2/3, t) − v n (2/3, t) ≤ 1/4. Then y(1/3, t) − y(2/3, t) ≤ y(1/3, t) − v n (1/3, t) + v n (1/3, t) − v n (2/3, t) + v n (2/3, t) − y(2/3, t)
≤ 3/4.
For (s, t) ∈ [1/3, 2/3] × [0, ∞), we set y(s, t) = y(1/3, t) exp((3s−1) log(y(1/3, t) * y(2/3, t))) ∈ U (B ⊗ O ∞ ).
On the interval [1/3, 2/3], we have Lip(y(·, t)) < 3π/2 < 24π. By Lemma 5. [x(r, t), a] ∀a ∈ A.
Hence the proof is complete.
For a closed ideal J of a unital C * -algebra A, we denote U (J) = {u ∈ U (A); u − 1 ∈ J}.
In the next theorem, we replace [0, 1) with [0, ∞) in the definitions of A ♭ and A ♭ .
Theorem 5.5. Let A be a unital separable C * -algebra and let J ⊂ A be a closed ideal. Let (α, u) : G A be a cocycle action of a countable discrete group G. Note that α induces a G-action on A ♭ , and we denote by (A ♭ ) α the fixed point subalgebra of A ♭ for this action. Suppose that (A ♭ ) α contains a unital copy of O ∞ . For any continuous map [x(s, t), a] ∀a ∈ A ⋊ (α,u) G.
Notice that φ(y(s, t)) is in U (J ♭ ), because J is an ideal of A. By choosing a suitable lift y : [0, 1] × [0, ∞) → U (J) of y, we obtain the conclusion.
